In this paper, we study semicircular-like elements, and semicircular elements induced by p-adic analysis, for each prime p. Starting from a p-adic number field Qp, we construct a Banach * -algebra LSp, for a fixed prime p, and show the generating elements Qp,j of LSp form weighted-semicircular elements, and the corresponding scalar-multiples Θp,j of Qp,j become semicircular elements, for all j ∈ Z. The main result of this paper is the very construction of suitable linear functionals τ 0 p,j on LSp, making Qp,j be weighted-semicircular, for all j ∈ Z.
INTRODUCTION
The main purpose of this paper is to construct weighted-semicircular, and semicircular elements for a fixed prime p. Starting from a prime p, we consider p-adic analysis on the p-adic number field Q p , and a certain * -algebra M p of all measurable functions on Q p . By establishing suitable C * -probabilistic structures on the C * -algebra M p , generated by M p , we focus on a semigroup S p in M p , generating C
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Let Q p be the p-adic number fields for p ∈ P, where P is the set of all primes in the natural numbers (or the positive integers) N. Then one can naturally understand Q p as a measure space (Q p , σ(Q p ), µ p ), where µ p is a both-left-and-right additive invariant Haar measure on the σ-algebra σ(Q p ), containing the basis elements of the topology for Q p , formed by transforming the unit disk Z p of Q p , satisfying
for all x ∈ Q p .
The * -algebra M p , consisting of all µ p -measurable functions on Q p , is well-determined for p ∈ P, and we cannot help emphasizing the importance of such algebraic structures not only in various mathematical fields (modern number theory, geometry with "very small" distance, and operator theory, etc, e.g., [15, 16, 18, 19] and [30] ), but also in other scientific fields (quantum physics, quantum arithmetic chaos theory, etc., e.g., [3, 6, 8, 9, 13, 14] and [29] ).
BACKGROUND AND MOTIVATION
The relations between primes and operator algebras have been studied in various different approaches (e.g., [3-5, 11, 13, 14, 23, 29] and [32] ). For instance, we studied how primes act "on" certain von Neumann algebras generated by p -adic and Adelic measure spaces (e.g., [9] ). Independently, in [7] and [8] , we have studied primes as linear functionals acting on arithmetic functions. i.e., each prime p induces a free-probabilistic structure (A, g p ) on the algebra A of all arithmetic functions. In such a case, one can understand arithmetic functions as Krein-space operators, under certain representations (See [11] ). And, free-probabilistic research on classical Hecke algebras induced by primes is considered (e.g., [10] ).
Motivated by the main results of [9] , we realized that our free-probabilistic settings can be applicable, or used for the applied operator theory based on number-theoretic information. In particular, one may construct semicircular law, or semicircular-like law from a fixed prime.
MAIN IDEAS
In this paper, we study certain operators of the C * -algebras M p induced by the * -algebra M p of µ p -measurable functions over a fixed p-adic number field Q p . In particular, we are interested in mutually-orthogonal projections {P j } j∈Z of M p induced by generating elements of M p . We show that such projections generate a well-defined embedded sub-semigroup S p of M p . From such a semigroup, the corresponding semigroup
OVERVIEW
In Section 2, we briefly introduce basic concepts for our proceeding works.
In Sections 3, free-probabilistic models on M p is considered in terms of the basis elements of the topology for Q p . In particular, our free-probabilistic structures imply p-adic-analytic information under p-adic integration. See Theorems 3.7 and 3.8.
In Sections 4, the Hilbert-space representations of the free-probabilistic models of M p are established, and the corresponding C * -algebras M p generated by M p are constructed. Our Hilbert space where M p act are naturally constructed by defining inner product determined by p-adic integration of Section 3. Then every element of M p is acting on it as a multiplication operator.
In Section 5, we build suitable free-probabilistic models of M p , and study fundamental free-distributional data on M p . See Theorems 5.3 and 5.3, and Corollary 5.4.
In Sections 6, we fix certain projections {P j } j∈Z in M p , and establish the corresponding semigroups S p generated by the projections, and semigroup C * -algebras S p of S p in M p . The C theory. The classical independence is replaced by the freeness. It has various applications not only in pure mathematics (e.g., [22, 24] and [23] ), but also in related mathematical-and-scientific topics (e.g., [5, 6, 8, 9, 11, 12, 17] and [32] ). In particular, we will use combinatorial free probabilistic approach of Speicher (e.g., [25] [26] [27] and [28] ). Free moments and free cumulants of operators will be computed without introducing in detail.
p-ADIC NUMBER FIELDS Q p
Let p be a fixed prime in P, and Q p , the corresponding p-adic number field. Then this set Q p is a well-defined ring, which is regarded as a Banach space equipped with the = 0, whenever q ∈ P \ {2, 3}.
As a topological space, Q p has its basis elements transforming the unit disk
consisting of all p-adic integers, i.e.,
where
Throughout this paper, we write
with U 0 = Z p , for convenience.
Also, the p-adic number field Q p is a measure space,
equipped with the additive left-and-right invariant Haar measure µ p on the σ-algebra
for all x ∈ Q p , satisfying,
Remark that, by the very definition, one has the following chain relation,
In conclusion, a p-adic number Q p is a Banach (topological, measure-theoretic) ring, satisfying (2.1), (2.2) and (2.3). For more details, see [29] .
Whenever we fix an integer k ∈ Z, one can determine so-called the k-th boundary is the complement of B (in a universal set containing A and B). Remark that, by (2.2) and (2.4), one can get that 5) for all k ∈ Z, for all x ∈ Q p . Also, remark that, by (2.4), one obtains the partition of Q p ,
where χ S are the usual characteristic functions for S ∈ σ(Q p ), having its adjoint,
where z are the conjugates of z, for all z ∈ C, and is a finite sum. Indeed, the vector space M p of (2.7) forms a well-defined * -algebra over C. For all f ∈ M p , one can have the p-adic integral of f by
Note that, by (2.6), if S ∈ σ(Q p ), then there exists a subset Λ S of Z, such that
by (2.4), (2.6) and (2.5), i.e.,
for all S ∈ σ(Q p ), where Λ S is subset (2.8) of Z. More precisely, one can get the following proposition. 10) and
Proof. By (2.9), whenever S ∈ σ (Q p ), there exists a subset Λ S of Z, in the sense of (2.8), such that
So, for each j ∈ Λ S , there exists a unique r j ∈ R, such that 0 ≤ r j ≤ 1, and
By (2.10), one obtains that if
where r S j are in the sense of (2.10), for all j ∈ Λ S , for all S ∈ σ(Q p ). The formula (2.11), obtained from (2.10), provides a universal technique to establish p-adic calculus.
FREE PROBABILITY ON M p
Throughout this section, fix a prime p ∈ P, and Q p , the corresponding p-adic number field, and let M p be the * -algebra consisting of all µ p -measurable functions on Q p . In this section, let's establish a suitable free-probabilistic model on the * -algebra M p . Remark that free probability provides a universal tool to study free distributions on "noncommutative" algebras, and hence, it covers the cases where given algebras are commutative.
As in Section 2.2, let U k be the basis elements of of the topology for Q p ,
with their boundaries
Then, by (3.2), one naturally obtains that
Moreover, by the commutativity on M p , Let U k be in the sense of (3.1) in Q p , and
and hence,
. Proof. By the discussion in the very above paragraph,
. Inductive to (3.3), we obtain the following result. 4) and hence,
The proof of (3.4) is done by induction on (3.3). 5) where δ means the Kronecker delta, and hence,
So, we obtain the following computations.
Proof. The proof of (3.6) is done by (3.5).
Thus, one can get that, for any S ∈ σ (Q p ),
where Λ S is in the sense of (2.8)
by (2.10), where 0 ≤ r j ≤ 1 are in the sense of (2.10), for all j ∈ Λ S .
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Thus, there exist w j ∈ R, such that
where Λ S1,S2 is in the sense of (3.8), and
by (3.8) and (2.10), for all S 1 , S 2 ∈ σ (Q p ).
, and let
where Λ S l are in the sense of (2.8), for l = 1, 2. Then there exist r j ∈ R, such that
and
Proof. The proof of (3.10) is done by (3.8) and (3.9).
Remark 3.6. In fact, the above lemma can be re-formulated as follows. If S 1 and S 2 are given as above, then
In the following text, if we mention (3.10), then it means (3.11), precisely.
By the above lemma, we obtain the following general result under induction.
Proof. The proof of (3.12) is done by induction on (3.10) (or (3.11)).
Similar to (3.10) and (3.11), the above formula (3.12) is refined by
By (3.12) (or (3.13)), we obtain that if
where r S j are in the sense of (3.12), for all j ∈ Λ S . Therefore, one can get the following result.
where r (S1,...,S N ) j are in the sense of (3.12), for all j ∈ Λ S1,...,S N (whenever it is nonempty).
by (3.12) (or (3.13)), where r (S1,...,S N ) j are in the sense of (3.12).
The above joint free-moment formula (3.14) provides a universal tool to compute the free distributions of free random variables in our p-adic free probability space (M p , ϕ p ).
REPRESENTATIONS OF (M
Fix a prime p ∈ P. Let (M p , ϕ p ) be the p-adic free probability space. Now, we construct a representation of the * -algebra M p . By understanding Q p as a measure space, construct the L 2 -space,
-space is a well-defined Hilbert space equipped with its inner product ·, · 2 ,
Naturally, H p is the · 2 -norm completion, where
where ·, · 2 is the inner product (4.2) on H p . 
for all f ∈ M p . i.e., the morphism α of (4.3) is an action of M p acting on the Hilbert space H p . i.e., for any f ∈ M p , the image α(f ) is an operator on H p contained in the
where α is in the sense of (4.3). Also, for convenience, denote α χ S simply by α S , for all S ∈ σ (Q p ). For instance,
for all k ∈ Z, where U k are in the sense of (3.1), and ∂ k are the corresponding
By (4.3), the linear morphism α is a well-determined * -algebra action of M p acting on H p . Indeed,
for all f ∈ M p , and for all h 1 , h 2 ∈ H p , which implies that
Proof. By the discussions in the very above paragraphs, the linear morphism α satisfies that α f1f2 = α f1 α f2 on H p , and
In the above proposition, we showed that the pair (H p , α) of the p-adic Hilbert space H p and the action α of (4.3) is a Hilbert-space representation of M p . 
where X mean the operator-norm closures of subsets X of B(H p ). Then this C * -algebra
FREE PROBABILITY ON M p
Throughout this section, we fix a prime p ∈ P. Let (M p , ϕ p ) be the corresponding p-adic free probability space, and (H p , α), the p-adic representation of M p , and let M p be the corresponding p-adic C * -algebra of (M p , ϕ p ). In this section, we consider suitable free-probabilistic models on M p . In particular, we are interested in a system 
for all j ∈ Z, where ·, · 2 is the inner product (4.2) on the p-adic Hilbert space H p of (4.1). So, one can get the system
-probability spaces for a fixed C * -algebra M p . Now, fix j ∈ Z, and take the corresponding j-th C * -probability space M p , ϕ p j for S ∈ σ (Q p ), and an element χ S ∈ M p , one has that
Thus, for any n ∈ N, we have
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The free-moment formula (5.3) characterizes the free distributions of χ S in the j-th C * -probability space M p , ϕ p j , for all S ∈ σ (Q p ), for all j ∈ Z. More precisely, we obtain the following theorem.
Proof. Let S 1 , . . . , S N be µ p -measurable subsets of Q p , for N ∈ N, and let
Then, one has that
Indeed, if S = ∅, then the above projection-property holds in M p , and if S = ∅, then χ S = 0 Mp , the zero element of M p , which is a projection, too. So,
The above joint free-moment formula (5.4) characterizes the free-distributions of finitely many projections α S1 , . . . , α S N in the j-th C * -probability space M p , ϕ p j , for j ∈ Z.
As corollaries of (5.4), we obtain the following results.
Corollary 5.4. Let U k be in the sense of (3.1), and ∂ k , the k-th boundaries of
Proof. Observe first that, for any k ∈ Z,
Consider now that, for an arbitrarily given k ∈ Z, one has
by (5.6), for all n ∈ N.
we have the joint free cumulant in terms of ϕ
by the Möbius inversion of [26] 
by (5.4), where 0 ≤ r π,V ≤ 1 are in the sense of (5.4). Therefore, by the free cumulant formula (5.7), we obtain the following freeness condition on the j-th C * -probability space M p , ϕ 
where Λ S l are in the sense of (2.8), for l = 1, 2, then two free random variables a 1 and a 2 are free in
Proof. Assume that j / ∈ Λ S1 , and j / ∈ Λ S2 in Z, where Moreover, by the above assupmtion, we have
by (5.4). It shows that, the self-adjoint elements χ S1 and χ S2 have not only vanishing free moments, but also vanishing mixed free moments.
So, by (5.7), we obtain that
n , for all n ∈ N \ {1}. It guarantees that two random variables χ S1 and χ S2 are free in M p , ϕ p j .
PROJECTIONS {P j } j∈Z AND THE SEMIGROUP S p IN M p
Let's fix a prime p ∈ P. In Section 5, we considered the free probability on the j-th C * -probability space M p , ϕ In this section, we concentrate on a system of projections,
in M p . Remark that these projections are mutually orthogonal from each other in the sense that
Then, as we have seen in (5.5),
for all j, k ∈ Z. Now, from the system {P j } j∈Z of mutually orthogonal projections, let's construct the multiplicative semigroup
under the inherited operator multiplication on M p . Then this algebraic structure S p of (6.3) is a well-determined commutative semigroup in M p , which is not a group. Indeed, the inherited operator multiplication is associative on S p , but it has no identity in S p . We call S p , the projection semigroup of the system {P j } j∈Z of (6.1). Definition 6.1. Define the C * -subalgebra S p of the p-adic C * -algebra M p by the C * -algebra generated by the projection semigroup S p of (6.3). We call S p the projection-semigroup C * -subalgebra of M p .
Our projection-semigroup C * -subalgebra S p of M p has the following structure theorem.
Theorem 6.2. Let S p be the projection-semigroup
where " * -iso = " means "being * -isomorphic", and where ⊕ means topological direct product of C * -algebras.
Proof. Let S p be the projection semigroup of the system {P j } j∈Z of mutually orthogonal projections P j = α ∂j , for all j ∈ Z, and let S p = C projection-semigroup C * -subalgebra of the p-adic C * -algebra M p . Then, by the very definition (6.3),
where X are the C * -norm closures of the subsets
by the mutually orthogonality of {P j } j∈Z , and the projection-property of all P j 's, where ⊕ means pure-algebraic direct sum of algebras
The above structure theorem (6.4) of the projection-semigroup C * -subalgebra S p shows that the embedded structure S p provides a certain filterization, or diagonalization in the p-adic C * -algebra M p . Let M p , ϕ p j be the j-th C * -probability spaces of Section 5, for all j ∈ Z, and let S p be our projection-semigroup C * -subalgebra of M p . Then, naturally, one obtains the system of C * -probability spaces,
by restricting the linear functionals ϕ p j on M p to those on S p , for all j ∈ Z. And free-distributional data on S p is completely determined by the following result. 
Proof. Let T = k∈Z t k P k ∈ S p , with t k ∈ C. Then, by the structure theorem (6.4),
Semicircular elements induced by p-adic number fields 685 Therefore, for any fixed j ∈ Z, one can get that
by (6.2), for all n ∈ N.
WEIGHTED-SEMICIRCULARITY INDUCED BY M p
Let p be a fixed prime in P, and let M p be the p-adic C * -algebra induced by the * -algebra M p , under the p-adic representation (H p , α) of M p . Let S p be the projection-semigroup C * -subalgebra of M p , satisfying the structure theorem (6.4);
where P j = α ∂j are the mutually-orthogonal projections of (6.1), for all j ∈ Z.
Also, let S p , ϕ p j k∈Z be the system (6.5) of j-th C * -probability spaces of S p . Recall again that
2) for all n ∈ N, where gcd means the greatest common divisor, and where |x| mean the cardinalities of sets X. It is a well-determined multiplicative arithmetic function in the sense that
whenever gcd(n 1 , n 2 ) = 1, because
By (7.2) and (7.3), the Euler totient function φ satisfies
So, our free-moment computation (7.1) can be re-stated as follows:
for all j, k ∈ Z. Then the pairs S p , τ p j are well-determined C * -probability spaces, satisfying
for all j, k ∈ Z.
Definition 7.1. We call the C * -probability spaces S p , τ p j , the j-th projection (-semigroup C * -)probability spaces, for all j ∈ Z.
Free distributional data on the j-th projection probability spaces S p , τ p j is characterized as follows.
be the j-th projection probability space for j ∈ Z, where τ p j is the linear functional (7.5), for a fixed j ∈ Z. Then
for all n ∈ N.
Proof. The free distribution (7.7) of a projection P k is obtained by (7.6), for all k, j ∈ Z. Now, we have all ingrediants to construct semicircular-like property, and semicircularity induced by M p .
WEIGHTED-SEMICIRCULARITY AND SEMICIRCULARITY
Let (A, ϕ) be an arbitrary (topological, or pure-algebraic) * -probability space of a * -algebra A, and a linear functional ϕ on A. Remember that * -algebra is an algebra equipped with the adjoint ( * ) on A. An element a of a * -algebra A is said to be self-adjoint, if a * = a in A, where a * is the adjoint of a. Definition 7.3. Let a be a free random variable in a * -probability space (A, ϕ), and let k n (. . .) be the free cumulant on A in terms of ϕ (e.g., see [26] ). The given free random variable a is said to be semicircular in (A, ϕ) , if (i) a is self-adjoint, and (ii) a satisfies k n a, a, . . . , a n-times = 1 if n = 2, 0 otherwise, (7.8) for all n ∈ N.
Formore about free moments and free cumulants, see [26] and cited papers therein. By the Möbius inversion of [26] , one can get the equivalent definition of the semicircularity (7.8) as follows: A free random variable a is semicircular in (A, ϕ) , if and only if (i) a is self-adjoint, and (ii) all odd free-moments of a vanish, equivalently, ϕ a 2n−1 = 0, for all n ∈ N, (7.9) and (iii) all even free-moments of a satisfy 10) where c n are the n-th Catalan number,
for all n ∈ N (see [26] ). So, the free-moment formulas (7.9) and (7.10) characterize the semicircularity (7.8) under self-adjointness.
Motivated by the definition (7.8) of semicircularity, we define the following semicircular-like property, called the weighted-semicircularity as follows.
Definition 7.4.
A free random variable a ∈ (A, ϕ) is said to be weighted-semicircular in (A, ϕ) with weight t 0 ∈ C \ {0} (in short, t 0 -semicircular), if a is self-adjoint in A, and k n (a, . . . , a) = k 2 (a, a) = t 0 if n = 2, 0 otherwise, (7.11) for all n ∈ N. Of course, if t 0 = 1, then 1-semicircularity of (7.11) is the same as the semicircularity (7.8) .
By the Möbius inversion of [26] , if a free random variable a is t 0 -semicircular in (A, ϕ), then So, by the definition (7.11), one obtains that: if a ist 0 -semicircular in (A, ϕ), then it is self-adjoint, and there exists t 0 ∈ C, such that ϕ(a
if n is odd, (7.12) for all n ∈ N.
Theorem 7.5. Let a ∈ (A, ϕ) be a self-adjoint non-zero free random variable. Then a is t 0 -semicircular in (A, ϕ) for some t 0 ∈ C, if and only if ϕ(a
if n is odd, (7.13) for all n ∈ N.
Proof. The proof of the free-moment characterization (7.13) of the t 0 -semicircularity is done by (7.11) and (7.12), via the Möbius inversion of [26] .
(⇒) If a is t 0 -semicircular in (A, ϕ), then the free-moment formula (7.13) holds by (7.12).
(⇐) If a self-adjoint free random variable a satisfies the free-moment computation (7.13) 1 n ) , (7.14) by the Möbius inversion, for all n ∈ N. Since all odd free-moments of a vanish by (7.13), whenever a block V of any noncrossing partition contains odd-many elements, then ϕ a |V | = 0, and hence, if a partition π contains a block V 0 with odd-many elements, then
Notice now that all noncrossing partitions π of N C(n) contains at least one odd block in π, whenever n is odd in N. So, by (7.14), one obtains that k n (a, . . . , a) = 0, whenever n is odd in N.
(7.15)
Now, let k ∈ N, and observe 16) where N C e (2k) = {θ ∈ N C(2k) : ∀B ∈ θ ⇒ |B| is even}. It is not difficult to check that the sub-lattice N C e (2k) of the lattice N C(2k) is equivalent to N C(k), for all k ∈ N. Thus, the formula (7.16) goes to 17) by (7.9) and (7.10) (which are equivalent to the semicircularity (7.8)). Indeed,
whenever k = 1, because of the semicircularity. Therefore, if the free-moment computation (7.13) holds, then a is t 0 -semicircular in (A, ϕ) , by (7.15) and (7.17) .
Thus, by (⇒) and (⇐), a self-adjoint elemnet a is t 0 -semicircular in (A, ϕ), if and only if it satisfies ϕ(a
if n is odd, for all n ∈ N.
So, by the above free-momental characterization (7.13), our t 0 -semicircularity (7.11) ce be re-stated.
TENSOR PRODUCT BANACH * -ALGEBRA LS p
Let M p be the p-adic C * -algebra containing its p-adic projection-semigroup C * -subalgebra S p , and let τ p k be linear functionals (7.5) on S p , for all k ∈ Z. Throughout this section, we fix k in Z, and the corresponding k-th C * -probability space (S p , τ p k ). The formula (7.6) says that
Recall that 19) by the structure theorem (6.4). By (7.19) , one can define a Banach-space operators c p and a p "acting on S p " by linear transformations satisfying c p (P j ) = P j+1 , and a p (P j ) = P j−1 , (7.20) acting on S, for all j ∈ Z. By the very definition (7.20) , these linear operators c p and a p are bounded (or continuous) under the operator-norm of S p , inherited from the C * -norm on the p-adic C * -algebra M p . So, they are well-defined Banach-space operators acting "on S p ." Definition 7.6. The Banach-space operators c p and a p on S p in the sense of (7.20) are called the (p-)creation, respectively, the (p-)annihilation on S p . Define a new Banach-space operator l p on S p by
We call this operator l p of (7.21), the (p-)radial operator on S p .
Let l p be the radial operator c p + a p of (7.21) on S p , where c p and a p are the creation, respectively, the annihilation of (7.20) . Construct a Banach algebra L p by (7.22) where B(S p ) means the (topological) operator space, consisting of all bounded (equivalently, continuous) linear transformations on S p , equipped with its operator-norm
, where By the definition (7.22) of the Banach algebra L p , every element x of L p is expressed by
in L p , with identity: l 0 p = 1 Lp , the identity operator on L p , satisfying that:
Now, define the adjoint on L p by
Then the Banach algebra L p forms a Banach * -algebra.
Definition 7.7. Let L p be the Banach * -algebra (7.22) in the operator space B(S p ). We call it the (p-adic) radial (Banach- * -)algebra on S p .
Let L p be the radial algebra on S p . Construct now the tensor product Banach * -algebra 23) where ⊗ C means the tensor product of Banach * -algebras. Consider elements l k p ⊗ P j of the tensor product Banach * -algebra LS p of (7.23), for k ∈ N 0 = N ∪ {0}, and j ∈ Z. By the very definition (7.23) -semicircular element Q j = l p ⊗ P j , for all j ∈ Z. i.e., we have family The following theorem re-prove an equivalent free-distributional data of (7.40), in terms of free cumulant. In fact, the following theorem must hold true by (7.40) , and by the Möbius inversion of [26] . However, we provide an independent proof of the theorem below. if n = 2, 0 otherwise, (7.45) for all n ∈ N. Therefore, Q j is a p
2(j+1)
-semicircular in LS p , τ 0 p,j , for j ∈ Z. Proof. Let Q j be a self-adjoint free random variable (7.35) of the Banach * -probability space LS p , τ whenever n is odd in N. Since π is arbitrary in N C(n), the formula (7.47) vanishes, whenever n is odd, i.e., 
by (7.47), i.e., one obtains that by (7.47) and (7.49) , where N C e (2m) = {θ ∈ N C(2m) : B ∈ θ ⇐⇒ |B| is even}.
